Recently, generalized equations of type IIB supergravity have been derived from the requirement of classical kappa-symmetry of type IIB superstring theory in the GreenSchwarz formulation. These equations are covariant under generalized T -duality transformations and hence one may expect a formulation similar to double field theory (DFT).
Introduction
A great progress on the Green-Schwarz string theories has been achieved by Tseytlin and Wulff [1] . In particular, they have shown that the requirement of classical kappa-symmetry of type IIB superstring theory leads to a set of the generalized equations of type IIB supergravity [1, 2] , rather than the standard ones. As an old result, it has been well known that the on-shell condition of type II supergravity leads to kappa-invariant Green-Schwarz string theories [3] .
But the converse has not been clarified for long time, more than three decades. Actually, it should have been modified by employing the generalized equations of type IIB supergravity.
This result indicates that the target spacetime may not be necessarily a solution of type IIB supergravity at least at classical level. However, if the background is not a solution of the standard type IIB supergravity, then the string world-sheet is not Weyl invariant but still scale invariant [1, 2] . It has not been clarified what is the physical origin or mechanism of breaking the Weyl invariance. It is of significance to try to unveil it for discovering the unexplored physics frontier hiding behind the generalized supergravity.
The discovery of the generalized equations was not straightforward. It is worth describing that the equations were originally found in the study of Yang-Baxter deformations [4] [5] [6] of the AdS 5 ×S 5 superstring [7, 8] . In the pioneering work [7] , the standard q-deformation [9] (often called η-deformation) of the AdS 5 ×S 5 superstring was studied and the kappa-invariant classical action was constructed. After that, the full background has been determined by performing supercoset construction [10, 11] . Remarkably, it was shown that the resulting background does not satisfy the equations of motion in type IIB supergravity [11] , while it is associated with a solution of type IIB supergravity with a linear dilaton via T-dualities along non-isometric directions [12, 13] . Then the generalized equations of type IIB supergravity have been proposed so as to involve the background as a solution. At this stage, it seemed likely that the generalized equations would heavily depend on the integrable deformation. But it is not the case as we have well recognized. The appearance of the generalized equations is intrinsic to the kappa-symmetry of the Green-Schwarz formulation, rather than a specific integrable deformation.
In addition to the q-deformation, a lot of examples of Yang-Baxter deformations have been intensively discussed in a series of papers [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . By performing supercoset construction [11, 23] , one can derive the full backgrounds. Some deformations lead to the standard solutions, but the other ones lead to solutions of the generalized type IIB supergravity. The two cases are distinguished by the unimodularity condition [26] . For the generalized solutions, see [11, [23] [24] [25] [26] . It would be interesting to note that by performing the generalized T -duality transformations [2] , generalized solutions may be mapped to solutions of the standard type IIB supergravity [12, 25, 26] , some of which are locally equivalent to the undeformed AdS 5 ×S 5 [25] .
An interesting observation is that the generalized equations are covariant under generalized T -duality transformations [2] and hence a manifestly T -duality covariant formulation developed in the double field theory (DFT) [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] should be efficient in clarifying the structure of the generalized equations (see [47] [48] [49] [50] for reviews of DFT and its extensions). In this paper, we discuss a modification of the equations of motion in DFT which leads to the generalized equations of type IIB supergravity. The equations of motion in the conventional DFT is expressed as the generalized Ricci flatness conditions, but in the modified DFT (mDFT), introducing an extra generalized vector, we make a modification in the generalized connection and the equations of motion is expressed as the modified generalized Ricci flatness conditions.
The mDFT clarifies the T -duality symmetry of the generalized equations considerably, and we study the global O(N, N) transformations which map a solution of mDFT to other solutions of mDFT.
We note that the modification to the DFT discussed in this paper is rather mild. In section 4, we consider the modification introducing a null generalized Killing vector X M by
hand, but as we will discuss in the Addendum to section 5 (which is based on the subsequent paper [51] by Baguet, Magro and Samtleben), this generalized vector X M can be alternatively generated from the DFT by prescribing a Scherk-Schwarz ansatz (5.2) and we do not need to go beyond the conventional DFT.
This paper is organized as follows. Section 2 introduces the generalized equations of motion of type IIB supergravity. In section 3, we give a concise review of DFT with an emphasis on a relation to the conventional supergravity and the construction of curvature tensors in the doubled spacetime. In section 4, we consider a modification of the generalized covariant derivative by introducing an extra generalized vector field. We then compute the modified generalized Ricci tensor and derive the generalized equations of motion from the modified generalized Ricci flatness conditions. We also discuss the T -duality transformations which map a solution of the mDFT equations of motion to other solutions, and a modification of the fundamental-string charge in mDFT. Finally, we make an attempt to construct the classical action for the mDFT equations of motion. Section 5 is devoted to conclusion and outlook.
Generalized equations of type IIB supergravity
In this section, we shall introduce a set of the generalized equations of type IIB supergravity [1, 2] . The generalized equations have recently been derived from the requirement of classical kappa-symmetry of type IIB string theory in the Green-Schwarz formulation [1] . This result indicates that the set of the generalized equations is a weaker form of the standard type IIB supergravity and the target spacetime may not be necessarily a solution of type IIB supergravity. Note also here that the off-shell action that leads to the generalized equations has not been constructed yet. Hence this is a generalization only under the equations of motion.
In fact, a curious thing happens at quantum level if the target spacetime does not satisfy the usual type IIB supergravity equations of motion. The resulting string world-sheet theory is not Weyl invariant but still scale invariant [1, 2] . 1 It is still unclear what is the physical origin or mechanism of breaking the Weyl invariance. One of our motives in this paper is to tackle this issue.
The generalized equations of motion of type IIB supergravity [1, 2] are given by
The 10D spacetime indices are labeled by m, n, . . . . The first equation (2.1) is for the metric in the string frame G mn . The matter contribution T mn is given by
Here F m , F mnk , F mnkpq are the rescaled Ramond-Ramond (R-R) field strengths
where Φ is the dilaton whose motion is described by (2.3) . The second equation (2.2) is for the field strength H mnk of the Neveu-Schwarz-Neveu-Schwarz (NS-NS) 2-form B-field. The fourth, fifth and sixth equations (2.4), (2.5) and (2.6) are for the R-R 1-form, 3-form and 5-form field strengths.
Furthermore, the Bianchi identities for R-R field strengths are also modified as
10)
A remarkable point is that equations (2.1)-(2.6) involve three new vector fields X m , I m and Z m . Hence the above equations are referred to as the generalized equations. Actually, two of them are independent because the vector X m is expressed as
2 The generalized equations of the fermionic components have been determined in [1] . For simplicity, these equations have not been displayed here.
Then I m and Z m satisfy the following relations:
The first equation of (2.13) is the Killing vector equation. Assuming that I m is chosen such that the Lie derivative, 14) vanishes, the second equation of (2.13) can be solved as
Thus Z m can be regarded as a generalization of the dilaton gradient ∂ m Φ . In particular, when I m vanishes, Z m becomes ∂ m Φ and the generalized equations (2.1)-(2.6) are reduced to the usual type IIB supergravity equations.
In the following, we will discuss the embedding of the generalized equations into DFT introducing a slight modification.
A brief review of DFT
The DFT is a manifestly O(D, D) T -duality covariant formulation of supergravity initiated in [29] [30] [31] [32] [33] [34] [35] . In this section, we shall give a concise review for readers not familiar with DFT. This review is mainly focused upon introducing the classical action and describing the equations of motion of DFT in a geometric language.
The classical action of DFT
In this subsection, we will introduce the classical action of DFT and show that the conventional supergravity action can be reproduced from the DFT action.
Basic ingredients of DFT
Let us introduce a 2D-dimensional doubled spacetime which is parameterized by the generalized coordinates defined as
Here, x m are the usual coordinates andx m are the dual coordinates. The doubled spacetime
which is utilized to raise and lower the 2D-dimensional indices M, N, · · · . Diffeomorphisms in the doubled spacetime is constrained so that this O(D, D)-structure is preserved. In fact, the possible diffeomorphisms, called the generalized diffeomorphisms, are generated by the generalized Lie derivative£ V which satisfieŝ
For example, the generalized Lie derivative acts on a generalized vector W M (x) aŝ 
where A(x) and B(x) are physical fields or gauge parameters. 3 This condition strongly constrains the coordinate dependence of fields. As a result, all fields can, at most, depend on half of the doubled coordinates. For example, the strong constraint can be satisfied if fields do not depend on the dual coordinates, i.e.,∂ m A(x) =∂ m B(x) = 0 .
In addition to the O(D, D)-invariant metric, the doubled spacetime also has a dynamical metric H M N (x), which is called the generalized metric. This metric is defined to admit the following decomposition:
Let us consider here the volume form on a doubled spacetime. The role of it is played by e −2d(x) , where d(x) is the T -duality invariant dilaton (sometimes called the DFT dilaton).
Indeed, under a generalized diffeomorphism, it is defined to behave as
This is quite similar to the behavior of the volume form in general relativity,
The classical action of DFT
From the above setups, we can write down the classical action of DFT, which describes the dynamics of the generalized metric H M N (x) and the T -duality invariant dilaton d(x): imposed, it is also invariant under a local symmetry generated by the generalized Lie derivative [35] although the invariance is not manifest in the above expression.
A relation to the conventional supergravity
In order to reproduce the conventional supergravity action, it is first necessary to remove the dual-coordinate dependence from H M N (x) and d(x), which restricts the partial derivatives in (3.10) into the form ∂ M = (∂ m , 0) . Next, the following parameterizations for H M N (x) and d(x) are supposed in terms of the conventional massless fields in the NS-NS sector,
|G| . Then, from a straightforward calculation, the classical action (3.10) can be recast into the conventional supergravity action describing the NS-NS sector fields (up to a boundary term):
Here, D m , R mn , and R are the conventional covariant derivative and Ricci tensors associated with the metric G mn . The metric G mn is used to raise and lower the D-dimensional indices m, n, · · · . The following convention is employed for the curvature tensors,
Note that, by choosing the so-called canonical section ∂ M = (∂ m , 0), which satisfies the strong constraint, and also choosing the parameterizations (3.11), a local symmetry, generated by the generalized Lie derivative£ V with gauge parameters
, is reduced to a local symmetry of the conventional supergravity generated by the conventional diffeomorphism and the B-field gauge transformation,
It should be remarked that the DFT action can be extended to support the R-R fields [39, 40, 45] and fermion fields [41] , and the supersymmetric action is constructed in [43, 44, 46] .
In the following, we will concentrate only on the NS-NS sector. A generalization to include the R-R fields and fermions is left as a future problem.
Generalized connection and generalized Ricci tensor
In this subsection, we will introduce the generalized covariant derivative and the generalized Ricci tensors [30, 36, 38, 42] . The generalized Ricci tensors are useful in manifesting the covariance or invariance of various quantities under the generalized diffeomorphisms. For example, although the local gauge invariance of the DFT action was not manifest from (3.10), the invariance becomes manifest because the Lagrangian density L can be identified with a product of the volume factor and the generalized Ricci scalar. This is a generalization of the Einstein-Hilbert action for the general gravity. The equations of motion of DFT can also be expressed as the generalized Ricci flatness conditions and the covariance becomes manifest.
Generalized covariant derivative
Let us define the generalized covariant derivative as
In the conventional formulation, the following four conditions are assumed [36, 38, 42] : 4 We will basically follow the convention of [36, 38] .
(1) The compatibility with the O(D, D) invariant metric:
This condition is equivalent to the anti-symmetricity in the last two indices,
(2) For arbitrary generalized tensors, the following condition is imposed:
Here£ ∇ V denotes a generalized Lie derivative with a generalized covariant derivative, instead of a partial derivative. That is, its action on a generalized vector W M takes the
By using the condition (1), i.e.,
This condition is interpreted as the torsion-free condition [42] because the differencê
V is regarded as the generalized torsion tensor.
(3) The generalized metric is required to be covariantly constant:
For our later discussion, it is helpful to introduce here the projectors defined as
From the conditions (1) and (3), it is easy to see that the projections are covariantly constant,
is also required to be covariantly constant:
The factor e −2d behaves as a scalar density with a unit weight, hence this condition can be written as
or equivalently,
Explicit form of the connection
The four conditions (1)- (4) can mostly determine the explicit form of Γ M N K in terms of
. We shall explain here the outline of determining it by following [36, 38, 42] .
It is convenient to employ the projections [42] :
From the conditions (1) and (3), this projection is consistent with the generalized covariant derivative (i.e., the projection commutes with the generalized covariant derivative each other).
The condition (1) also ensure that the barred/under-barred indices can be raised or lowered consistently (i.e., the projection commutes with the raising/lowering operations one another).
Then, for example, the following relations are satisfied:
These will be useful in our later discussions.
Thus, all we have to do is to determine the following components [42] :
The last two are determined only from the conditions (1) and (3) [36, 38, 42] ;
On the other hand, Γ M N K and ΓMNK, depend on the contracted components Γ M ≡ Γ K K M , which are determined from (3.25) . In fact, the following expressions can be obtained:
Here,ΓMNK are undetermined (or unphysical) quantities satisfying
They should be projected out from any physical expressions, such as the action and the equations of motion.
By gathering the results obtained so far, the generalized connection is given by
The contracted components Γ M can be expressed as 34) due to the condition (4), but note that the result (3.33) itself is independent of the explicit form of Γ M . This observation will play a crucial role in section 4.
Generalized Ricci tensors
With generalized connections, a generalized Riemann tensor S M N KL can be defined as [36, 38] 
Here, R P QM N = η P R R R QM N is a non-tensorial curvature defined as
The conditions (1) and (2) enable us to show the following symmetries (which are satisfied by the conventional Riemann tensor) [36] :
By using the generalized Riemann tensor S M N KL , one can define the generalized Ricci tensor 6 S M N and the generalized Ricci scalar S as
These quantities are constructed such that the contribution from the unphysical connection Σ M N K is completely removed [42] . In other words, they are fully covariant quantities in the semi-covariant formulation [36, 38] .
By using the explicit form of the generalized connection (3.33) and
generalized Ricci tensors, S M N and S, can be expressed in terms of H M N (x) and d(x) [34] ;
Let us recall here that the classical DFT action (3.10) is given by
The volume form e −2d and the generalized Ricci scalar S behaves as a scalar density and a scalar, respectively, under generalized diffeomorphisms. Hence, under an infinitesimal generalized diffeomorphism along a generalized vector V M , the action transforms as
Thus, the DFT action is manifestly invariant under the generalized diffeomorphisms, at least in the absence of the boundary.
The equations of motion of DFT can be straightforwardly obtained from the action (3.10), and the result can be summarized as
It is also possible to define the generalized Einstein tensor as [58] 
This tensor satisfies 47) and the differential Bianchi identity [30, 37, 59 ]
By using the generalized Einstein tensor, the equations of motion is written in a simple form:
The covariance of the equations of motion is manifest since the generalized Einstein tensor transforms as a generalized tensor under the global O(D, D) transformations as well as the local generalized diffeomorphisms.
Equations of motion in the conventional formulation
For later convenience, let us describe the relation between G M N = 0 and the equations of motion in the conventional supergravity.
Note here that S M N = S MN + SM N has only D × D independent components. In fact, by using a certain matrix s mn , S M N can be expressed as
Then, S M N = 0 is equivalent to s mn = 0 . When we choose the canonical section
and adopt the parameterizations in (3.11), we can express s mn as
If we decompose s mn into the symmetric part s (mn) and the anti-symmetric part s [mn] , the well-known beta functions [60] in the conventional string sigma model are reproduced
52)
Note that the beta function in Tseylin's double sigma model [61, 62] 
is also computed in [63] [64] [65] [66] Thus the flatness condition of the generalized Ricci tensor S M N = 0 is equivalent to
On the other hand, S has the form 55) and S = 0 is equivalent to the vanishing beta function for the dilaton β Φ = 0 . To summarize, it has been shown that G M N = 0 is equivalent to
These equations are nothing but the equations of motion for the NS-NS sector of the conventional supergravity.
As a side remark, it will be interesting to note that β Φ becomes a constant upon using equations of motion S M N = 0 , as emphasized in [60] . Indeed, by using the differential Bianchi identity and S M N = 0 , it is easy to show that
In the next section, we will consider a modification of the standard DFT introduced here by relaxing the condition (4) for the T -duality invariant dilaton d(x) .
The generalized equations from modified DFT
In this section, we will consider a modification of the generalized connection by relaxing the condition (4) associated with the DFT dilaton d(x) . This leads to the modification of the generalized Ricci tensors. We here study a theory, referred to as a modified double field theory (mDFT), whose equations of motion are given by the modified generalized Ricci flatness conditions.
The goal of this section is to derive the generalized equations in the NS-NS sector,
from the equations of motion in mDFT. Namely, we show that the generalized equations are embedded into the mDFT.
We also discuss several aspects in mDFT; the global O(D, D) symmetry, modification of the string charge, and the action.
Modified generalized Ricci tensor
Let us recall that the generalized covariant derivative has been defined by requiring four conditions in section 3.2.
Our central idea here is to make a modification of the condition (4) which determines
The condition (4) was originally required for the covariant divergence of an arbitrary generalized vector V M multiplied by the measure e −2d to be a total derivative,
In the following, we will consider the following modification of this condition:
by introducing an extra generalized vector field X M . Here and hereafter, we denote the X-modified generalized covariant derivative and the generalized connection by∇ andΓ . For the modified generalized connection, the relation in (4.2) is also deformed;
As we will discuss in section 4.5, this deformation makes it difficult to derive the generalized Ricci flatness conditions as the equations of motion.
By using the expression (3.33) and 5) it is easy to calculate the difference in the generalized connection,
Indeed, we obtain
In order to calculate the modifications of the generalized Ricci tensors, let us employ the formula for the variation of the generalized Riemann tensor [42] ,
under a shift in the generalized connection
This formula leads to the variation of the generalized Ricci tensor:
Note here that only the first term has non-vanishing contribution because δ X Γ M N K has onlȳ MNK and M N K components and the projections remove all the other terms. A similar calculation also leads to
Then, by introducing a dual generalized vector
the following expressions are obtained
In summary, by using the expressions of S M N and S, the modified generalized Ricci tensors, S M N andS, are written as
It is easy to see thatS is derived from S by making a simple replacement,
This must be also true forS M N since the dilaton dependence inS M N appears only with the
Equations of motion as the generalized Ricci flatness conditions
The aim of this subsection is to show that the modified generalized Ricci flatness conditions, 18) or equivalently, 19) lead to the equations of motion in the generalized supergravity (4.1).
In order to reproduce (4.1), we choose the canonical section (∂ M ) = (∂ m , 0), and adopt the parameterizations (3.11). We also parameterize the null generalized Killing vector as 
(4.24)
Although these equations are not equivalent to (4.1) yet, we can show the equivalence by further assuming that the generalized vector,
is a null generalized Killing vector;
The null property gives rise to 27) and the generalized Killing property leads to the following relations:
These requirements lead to the equations of motion (4.1) with identifications
The null property and the generalized Killing property can be summarized as
Note that, as we discuss in section 4.4, the null and the generalized Killing properties are important in order to define a "fundamental string charge" in mDFT. This result indicates that the kappa-symmetry constraints play an important role in defining the "string charge."
Note also that the equations of motion can go back to the original ones if and only if
are satisfied.
Global O(D, D) transformations in mDFT
In this subsection, we consider global transformations which map a solution to other solutions.
First of all, let us consider global O(D, D) transformations in DFT. An arbitrary global
O(D, D) transformation can be generated by the following three transformations:
Here, "T -duality" represents the conventional T -duality transformation along x k direction and the index k in the last expression is not summed.
Under a general global O(D, D)
transformation Λ M N , the generalized coordinates, the derivatives, and the generalized metric are defined so as to transform covariantly, On the other hand, it is invariant under the B-shifts and T -duality transformations. Then, since |det(a)| is constant, ∂ M d is transformed as a generalized vector, 
with the indices contracted with η M N , and hence it is useful to write S M N and S in terms of polynomials P M N and P as
We then have the following transformation rule for S M N and S :
where 
After performing this transformation, the equations of motion becomẽ 
In the case with isometries, under global O (N, N) transformations of the form,
the derivative ∂ M is the same as the would-be transformed derivative,
We then obtaiñ Let us next consider a more general class of DFT solutions in which H M N is independent of y i but the DFT dilaton has a linear dependence on y i , namely, 
as we can see from the explicit expression, We now expand our framework from DFT to mDFT. Suppose that the initial configuration given by (4.49) and X M = 0 is a solution of DFT;
SinceS M N andS can be obtained from S M N and S with the replacement,
we haveS 55) where the combination 
} is a solution of mDFT, since we havẽ 
and we need to find a pair {d
Note here that this quantity is independent of y i . Although there is an ambiguity in decom-
These, together with H 
can be shown by using an O(N, N) property, Λ k (i| Λ k|j) = 0 .
In summary, we have shown that for a solution of DFT given by there exists a solution of mDFT,
or equivalently a solution of the generalized equations 66) where the transformation rule is given as follows:
(4.67)
Example
As a simple example, let us consider a solution of the conventional supergravity [2] ,
Let us perform a T -duality along y direction, i.e., Λ y y = 0 and Λ yy = 1 . Then the metric and B-field are transformed as This agrees with the known solution (1.10) in [2] , up to conventions.
Solution-generating transformations in mDFT
As a more general case, let us consider a solution of mDFT of the form,
as the initial configuration. In this case, we can again consider the O(N, N) transformations, and if 72) are satisfied, the transformed configuration,
is a solution of mDFT.
Here we do not try to find the most general solution of (4.72), but consider a simple case;
£ I B mn = 0 . Then, one can take
by a suitable redefinition of the dilaton. It is further assumed that a coordinate system can be chosen such that the Killing vector I m becomes constant without violating the ansatz (4.71).
Then, the second equation in (4.72) is satisfied by
It is easy to show that the conditions in (4.30) are also satisfied in the primed system as long as they are satisfied initially. Using this formula, we can generate various solutions of mDFT from a given solution of mDFT. Of course, if we set I m = 0, the formula (4.75) is reduced to the previous one (4.67).
Modified F1-charge
In the conventional supergravity, the equation of motion for the B-field is 76) where * 10 is the Hodge star operator associated with the string-frame metric G mn . If the spacetime has the topology, M 10 = M 9 ×S 1 with S 1 a small circle, and closed strings wrapped on S 1 are propagating on M 9 as point particles, the right-hand side of (4.76) includes the source terms, 77) where x p is the position of the p-th particle and c p is a constant associated with the string winding charge. Then the total fundamental string charge (F1-charge) can be computed as 78) where V t is a region on a time-slice of M 9 which contains the point particles.
In mDFT, the equations of motion for the B-field iss [ and apparently we cannot define the F1-charge because there is a cutaneously distributed source term on the right-hand side.
In this subsection, we show that the right-hand side of (4.79) is a closed form, 80) as far as the null and the generalized Killing properties are satisfied. This indicates that, at least locally, there exists a 7-form χ 7 , which satisfies
and we can define a modified 7-form field strength, 82) satisfying the Bianchi identity, dH ′ 7 = 0. This allows to define a modified string charge as
In order to show the closedness (4.80), let us rewrite (4.79) in terms of the components as
Then the closedness means the divergence-free condition of the right-hand side of (4.84), 85) or equivalently,
A straightforward calculation shows
Hence, as long as the null and the generalized Killing properties are satisfied, the closedness condition (4.80) is satisfied under the equations of motion and χ 7 can be found at least locally.
Given a solution of mDFT or the generalized supergravity, it should satisfy dH (4.88)
In the absence of the extra generalized vector X M , this potential is reduced to the conventional 6-form B 6 , which minimally couples to the NS5-brane. Thus it is quite natural to expect that the NS5-brane propagating in a background, which satisfies the equations of motion of mDFT, will minimally couples to the modified potential B ′ 6 . It would be an interesting future problem to construct a world-volume action of the NS5-brane propagating in backgrounds of mDFT.
An attempt to construct the classical action
In DFT, the generalized Ricci flatness conditions are derived as the equations of motion.
In this subsection, let us first recall how to derive the flatness condition of the generalized Ricci tensors. We will then discuss why it is so difficult to realize the modified generalized Ricci flatness conditions from the action principle.
Let us consider the Lagrangian density for DFT,
By taking a variation, the following expression is obtained [58] :
Thanks to the volume factor e −2d and (4.2), the last term can be rewritten as
Note here that the total derivative terms do not contribute to the equations of motion. Then the action principle leads to the generalized Ricci flatness conditions, S M N = 0 and S = 0 .
That is, the equations of motion are described as the flatness condition of the generalized Ricci tensors.
Instead, let us try to consider a modified Lagrangian density, 93) and from (4.4), we obtain
Then, the equations of motion become 95) or equivalently,
These are not of our interest and L ′ is not a correct Lagrangian density for mDFT.
A possible way is to find out a new volume factor ω which satisfies 97) for an arbitrary generalized vector V M and changes under the variation as
Here, α M N is a certain generalized tensor that vanishes whenS = 0 is satisfied. If we could find such ω , the Lagrangian density, 99) gives the modified generalized Ricci flatness conditions. Indeed, the variation becomes and recallingΓ M = −2 ∂ M d + X M , the generalized vector X M must be of the form,
It is so restrictive that X M can be removed by a redefinition of the dilaton. As a result, the system goes back to the conventional DFT. Thus, it is difficult to find a good Lagrangian density for mDFT. It still remains to be solved.
As a closely related issue, let us make a brief comment on the differential Bianchi identity (3.48) . In DFT, this can be derived from a invariance of the action under an infinitesimal generalized diffeomorphism [30, 37, 59] . Unfortunately, since we do not have the action of mDFT, we cannot derive the modified differential Bianchi identity, like
from a similar consideration. However, if we choose the canonical section (∂ M ) = (∂ m , 0) and adopt the parameterizations (3.11), we can show a similar identity,
In particular, if we use the null and the generalized Killing properties, this becomes
From this identity, we can show thatS N M = 0, or equivalentlys mn = 0, leads to ∂ kS = 0
as it was shown in [2] . It will be interesting to investigate a O(D, D) covariant expression of this Bianchi identity without choosing the canonical section.
Conclusion and Outlook
In this paper, we have considered a modified generalized covariant derivative∇ M in a doubled spacetime, relaxing a condition of the covariant constancy of the DFT dilaton, ∇ M d = 0, as One of the most important issues to be resolved is the construction of the mDFT action.
As we have discussed in section 4.5, the action allows us to derive the modified differential Bianchi identity. Also, it allows us to construct Noether currents associated with certain symmetries. For example, in [58, 67] , Noether currents associated with doubled spacetime isometries are studied from the DFT action, and expressions for the ADM momenta and the F1-charges are obtained. If we could perform a similar analysis in mDFT, it would be possible to derive the modified F1-charges as the Noether currents. The action also allows to discuss the black hole thermodynamics by following Wald's approach [68] [69] [70] (for the black hole thermodynamics in DFT, see [71] ). In mDFT, because of a modification made in the dilaton sector, the Einstein frame metric and accordingly the Bekenstein-Hawking entropy may be modified as well. As discussed in section 4.5, to construct the action, the construction of a suitable volume form will be important.
As a generalization of mDFT, it is important to include the R-R fields as well. One approach is to extend the formulation developed in [39, 40, 45] by introducing the same generalized vector X M . However, this approach might not be satisfactory in the sense that it treats the NS-NS sector and the R-R sector differently; the NS-NS fields are contained in the generalized metric but the R-R fields are treated as matters.
Another approach is a U-duality covariant formulation, called the exceptional field theory (EFT) . In E d(d) EFT, all of the bosonic fields in the 11D supergravity can be packaged into the generalized metric and certain tensors that depend on the dimension d. After choosing a suitable section, the EFT action reproduces the bosonic part of the conventional 11D
supergravity. Interestingly, we can also consider a parameterization in terms of the bosonic fields in 10D type IIB supergravity and the same EFT action can reproduce the bosonic part of type IIB supergravity action as well. The construction of the generalized Ricci tensors in EFT is studied in [84] (see also [97] ) and the equations of motion in the 11D supergravity and the type IIB supergravity are expressed by using the generalized Ricci tensor. Then, it is interesting to consider a modification of the generalized connection, as we have done in this paper (i.e., modification of the condition (4.12) in [84] ), and see whether the generalized equations of type IIB supergravity are reproduced just by replacing the generalized Ricci tensor with the modified one.
For ensuring the above direction, the U-duality covariance is necessary to be realized in the generalized equations of type IIB supergravity. Hence it will be an important task to study the S-duality covariance of the generalized equations.
We hope that the proposed mDFT would shed light on unexplored physics hiding behind the generalized supergravity.
Addendum
After this paper has appeared on the arXiv, Baguet, Magro and Samtleben submitted an interesting paper [51] , where the equations of the generalized type IIB supergravity are derived from the exceptional field theory by choosing a section condition for the type IIA description with a Scherk-Schwarz ansatz. It is worth noting that the same derivation (which is restricted to the NS-NS sector though) has already been explained in section 4.3 of this paper, without using the term of the Scherk-Schwarz reduction. The Scherk-Schwarz reduction in DFT has been studied in [98] [99] [100] . In terms of the generalized metric, the ansatz is given by and an additional term S f ,
According to ∂ M f N = 0 and an identification f M = −2 X M , S f agrees with the modification δ X S in (4.11). The modification of the generalized Ricci curvature δ X S M N can also be reproduced in the same manner. Furthermore, the requirements for the gauging [98] [99] [100] , 4) which are indeed satisfied by 5) correspond to the null and the generalized Killing properties for X M . Note that a combination
M in (4.59).
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In addition, as it was shown in [101] , when we consider a Scherk-Schwarz reduction in EFT, the action principle does not work for the low-dimensional theory if there is a non-vanishing trombone gauging ϑ M . The trombone gauging ϑ M appears to be identified with the above introduced gauging f M in DFT, or our extra generalized vector X M . If this identification is correct, the difficulty in the construction of the action discussed in section 4.5 has the same origin as the EFT case discussed in [101] . 12 It will be interesting to clarify this matter in more detail. , the same decomposition leads to X M = 0 and it is a solution of the conventional DFT. 12 We would like to thank the anonymous referee for informing us of the interesting paper [101] .
